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1. INTRODUCTION

me performance of certain nontinear stochastic systems is
deemed acceptableif,during a specifiedtime interval,the systems
have suffieientfylow probabilities of ese.ape from a preferred
region of phase space. These probabilities can be redueed by
using an appropriate control system.

We propose a Mektikov-based approach to achieving an
efficient open-loop control. The approach is applicable to the
wide ciass of multistsble sytems that have dmipation- and
excitation-freecounterparts possessinghomoclinicor heteroclinic
orbits. I!lat classincludes,e.g., the rf Josephsonjunction and the
Duffhg equation, and higher-and infinitetydimensionalsystems.

We reviewthe theoreticalbasisof our approach, use numerieal
simulations to test its effectivenessfor the paradigmatic ease of
the stochasticaliy excited Duffing equation, and dwuss our
results.

2 MELNKoV PROCESSES AND EXI’IS FROM A WELL

The Melnikov approach is a technique providing neeessary
conditions for the oearrrence of chacasin a class of dynamical
systems.Until recentty it was considered to be applicableonlyto

1 deterministic systems.Followingan extension from the case of
periodic to the case of quasiperiodic excitation [1], Melnikov
theory was further extended to the ease of additive or
multiplicativeexcitationby Gaussian,white, shot or dichotomous
processes [2], [3].

Neces.wy conditionsfor the occurrence of chaos indicate the
range of system parameters for which exits from preferred
regions of phase spacecannot occur.The Melnikovapproach ean
thus help to study the exit problem for the wide classof systems.

For definitenesswe consider the equation

;= -V’(Z) + c[-yG(t) - /32)] (1)

where 6,-%are constants, ~>0, and V(z) is a potential function.
We assume that: (i) the unperturbed system( c =0) is integrabl%
(ii) V(z) has the shape of a multiplewellso that the unperturbed
system has a center at the bottom of each welland a saddlepoint
at the top of the barrier between two adjacent wells.The stable
and unstable manifoldsemanating from the saddle point of the
unperturbed systemthen coincide.Finally,we assume G(t) is a
random process. As a typicalexample we consider the Duffing
equation with PtXentialV(z) = z4/4=z2r2,nomoclinicOrbitiwith
coordinatesz&t)=(2)%cch(t), ~(t) =(2)%ech(t)tanh(t), and a
modulus of the Fourier transform of the fimction h(t)= %(-t)

S(~)= (2)%r@ch(mJ2). (2)

a

We also note for tater use that c * j ~2(r)dr = 4/3.
-Q

Associatedwith Eq. 1 is a hfelnikovprocesswith the expression

M(t) = -@C+ ~JQh(r)G(t-r)dr. (3)
a

Any realimtion of the Melnikov process repr=nts the distarxx
between the stable and unstable manifolti of %. 1 (cd)
corresponding to a realization of the random process G(t).

For any given system, increasing re by using an open-loop
control approach eat be alchievedby adding to the excitatic!a
.s7G(t) a control force e7c’Gc(t),where 7Chas the samesignK
-y. A trivial choice of the open-loop control force would lx
Gc(t)s-G(t). However, even if such a trivial open-loop control
could be achieved,it would clearlyinefficient.We propcse tousc
the Melnikov apprcmch to obtain a more efficient open-lot~
control force.

The mean zero uperossing time, TM,of the Melnikovpr~w
is a measure of the mean time of exit from a well, re, andK
determined by the spectral density of the Melnikovprocess[4]
From ~. 3 it followsthat the spectral density of the Melnilm
proekssfor the uncontrolled systemis27rWM(@)=S2(@)[2fiw(@]
where S(O) is the modulus of the Fourier transform of h(t),alti
2xII(u) is the spectral density of the random process G(t).

For illustrationpurposes we consider the Duffingequation,f~
which S(U) is given by Eq. 2, and the process G(t) with

f 0.03990tn(~)+0.12829 O-04$(J$().:

2xT(0)={ 0.05755Ut(~)+0.14493 0.4s6)s1:
L0.38301[Ln(o)]2+1.061921n(~)-O.029411.2s.A$A

To a first approximation this spectrum is representativeof 10*”
frequency fluctuations of the horizontal wind speed.

A graphicrepresentation of S2(W)and 2@Y(W)S2(&I)show @
owing to the shape of $2(u), which plays the role of X
admittance function, only part of the frequency compnen” d
the excitationG(t) contribute significantlyto the spectralden@!
of the uncontrolled system’s Melnikm process. We therefi~
propose the followingapproach. Instead of Gc(t)~-G(t), it~w
be more efficient to apply a control force obtained from‘E
function -G(t) by filteringcmtfrom this function thw frIWaW
components that do not contribute significantlyto the s~m
density~M(@).The advantageof the proposedappr~ch ~er ‘B
trivial approach Gc(t)=-G(t) is that, in general, it wouldr~ie
signifieruttlythe power needed for the system’seontroi, ‘*@
resulting in almost the same reduction of the ordinates (and‘w
mean zero uncrossingrate) of the controlled system’sMetip
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“ procw Gwen the dependence of the system’smean exit time on
the Melnikov process mean zero uncrossingrate, the propcwd
approach, in spite of its reduced power need%can he eqxcted
to result in almost the same improvement in the controlled
system’sbehavior as the more onerous trivialapproach.

The procedure just described - like its trivialcounterpart - is
unfeasibleowingto timitationsof practical control system.Tlxse
limitationsentail non-zero time lags between sensingof a signal
and actuator response, as well as unavoidable inefficienciesof
practicalfilters.We present next results of numericalsimulations
aimed at illustrating the potential of the proposed approach
mtx%fiedto account for non-zero time lags.Work on the role of
other practical control system limitations is in progress.

3. SIMULATIONS AND DE3CUSSIONOF RESULIX

We consideredthe Dut%ngequation with 6=0.1 and 11=0.45and
examinedthe casewhere G(t) has the spectrum givenearlier. We
estimated by numerical simulation the mean exit rate for the
uncontrolledsystem. We then estimated the mean exit rates for
the systemto whichwe appliedcontrol forcesobtained bypassing
the function -c-ycG(t-ro) through an ideal filter that suppresses
all the Fourier components for Oso<wl and u>%, and leaves
the other components unchanged. We assumed (1) ro=O.l and
(2) TO=0.5.By inspectingthe spectrum of the Melnikovprocex
we chose 01=0.4, %=2.4. Calculations showed that the final
results being sought were affected insignificantlyeven for @l as
small as zero and ~ as large as the largest energy-containing
tiequenq of the excitation spectrum. The results of the
simulationsare shown in 13g. 1, in which o= e7.

For any given time lag ro, the relative effectivenessof the
controlwith a Melnikov-basedideal filter is defined by the ratio
v/p, where p is the variance of the control force obtained by
passingthe excitationthrough the filter, and v is the variance of
the unfiltered excitation.The variances are measures of average
power.Simple calculationsyield v/p=37.O for our case.

4. CONCLUSIONS

An open-loop approach to the control of a wide cla&sof
nonlinear stochastic systems was proposed with a view to
achievingan efficient reduction of the mean exit rate from a
potential well. It was shown that the Melnikov relative SUde
bctors con~in information that can be used for the design of
filterssuitable for that purp. The degree to whichan efficient
hfelnikov.~d control Mn & achi~ed in practicedepends upon
the system’s Me~ikov ale factors, the spectrum of the
Czcitation,and tie quaii~ of the filter design. Numerical
$knulationssugg@ tht our approach can be.effectiveinpractice.
H~er, Me ~tent of thii ~pr is merely to draw the attention
of control specialiststo the novel approach we propose, in the
betiefthat _ whether u~d sing~ or x a COnlpOIlellt h a more

Complexcontrol strategy - it can become a usefuladdition to the
Currentbody of nonlinear control theory and practice.

~k workwassupported by the Officeof NavalResearch,Ocean
~@teering DMsion, Contract No. NOO014-95W28.
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Fig. 1. (a) Mean exit rate no for uncontrolledsystemwith noise
my; (b) ratio of controlled system’sexit rate nf to no for
time lag 7.=0.1 (lowercurve) and ~o=0.5 (uPWr curve).


